Let L be a free Lie algebra of finite rank over a field K and let Ln denote the degree n homogeneous component of L. Formulae for the dimension of the subspaces [Lm, Ln] for all m and n were obtained by the second author and Michael Vaughan-Lee. In this note we consider subspaces of the form [Lm, Ln, L k 
Introduction
Let L be a free Lie algebra of rank r over a field K. We let L n denote the degree n homogeneous component of L, that is the subspace spanned by Lie products of degree n in the free generators of L. Then
The dimension of L n is given by Witt's formula
where µ is the Möbius function (see [8; 4, Theorem 5 .11]). In [7] the second author and Vaughan-Lee obtained formulae for the dimensions of the subspaces [L m , L n ] ≤ L m+n for all m, n ≥ 1. They proved that, if m > n and n m, then 1) and if m = sn with s ≥ 1, then In some cases they lead to explicit formulae that do not depend on the character-
In Sec. 2 we prove our main lemma, a result about the dimension of a product of two arbitrary homogeneous subspaces in L. This is a generalization of the main result of [7] , and the formulae (1.1) and (1.2) follow easily from it (see Corollary 2.1).
Products of Two Homogeneous Subspaces
For a subset Y ⊆ L we let L(Y ) denote the Lie subalgebra generated by Y in L. By the Shirshov-Witt theorem, any subalgebra of L is itself a free Lie algebra [5, 9] . We write L n (Y ) for the degree n homogeneous component of L(Y ) (with the degree defined with respect to some free generating set of L(Y )). The main ingredient of the proof of our main lemma below is a powerful result of Shirshov's. This result, commonly referred to as Shirshov's Lemma, was in fact the key step in Shirshov's original proof of the Shirshov-Witt theorem [5] . An English translation of this celebrated paper is now available in [6] . We record a special case of Shirshov's lemma. A set Y of homogeneous elements in L is called reduced if no element of Y is contained in the subalgebra of L generated by the other elements of Y . We mention that the elements of Y are required to be homogeneous, but that there is no requirement that they all have the same degree. An immediate consequence of the lemma is that for any homogeneous subspace U ⊆ L m , the Lie
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subalgebra L(U ) is free of rank dim U , and any K-basis of U is a free generating set for L(U ).
Lemma 2.2. Let
Proof. Let A be a K-basis of V . Then A is a reduced set, and hence a free generating set for the subalgebra L(V ). Consider the intersection U ∩ L(V ), and let
Let B be a K-basis of U . We claim that the union A ∪ B is a reduced set. If m = n then A ∪ B is a linearly independent subset of L n , and hence reduced. Now assume that m > n. Then the elements in B have larger degree than the elements in A, so the only way an element a ∈ A could be in the subalgebra generated by the other elements of A∪B would be if a was a linear combination of the other elements of A. But this is impossible since A is linearly independent. On the other hand, the only way an element b ∈ B could be in the subalgebra generated by the other elements of A ∪ B would be if
for some v ∈ L(V ) and some scalars α i . But this is impossible by the choice of B. 
Moreover, we can write [U, V ] as
But the sum on the right-hand side in (2.3) is direct since the first summand is in
, and the second is in the ideal generated by B in the free Lie algebra
and this yields (2.1), as required.
The main result of [7] is an immediate consequence of this lemma.
Corollary 2.1 ([7]). Let
is given by (1.1), and if m = sn with s ≥ 1, then the dimension of this subspace is given by (1.2).
Proof. Apply Lemma 2.2 with
U = L m and V = L n . If n m, then L(L n ) ∩ L m = 0, whence (1.1). If m = sn with s ≥ 1, then L(L n ) ∩ L m = L s (L n ) and, of course, [L s (L n ), L n ] = L s+1 (L n ), whence (1.2).
Products of Three Homogeneous Components
We begin this section with a technical lemma. 
We need to prove the inverse inclusion. Consider the subalgebra
that is the kth term of the lower central series of L. It is well known that L k has a homogeneous free generating set of the form
In fact, such a free generating set can easily be obtained as follows. We take a K-basis of L k for C k , and, for i > k, we proceed by induction taking a basis of a vector space complement of L i ∩ L(C k ∪ · · · ∪ C i−1 ) as the set C i . It is obvious that the resulting set is a generating set for L k , and Shirshov's lemma guarantees that it is a free generating set. This free generating set is such that
and since π is a Lie algebra homomorphism, we have
This proves the required inclusion.
(ii) Now suppose that k n or k m, and let 
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Now we are ready for our main result. 
Proof. (i) We apply Lemma 2.2 with
(ii) Again, we apply Lemma 2.2 with 
An Example
Our main result, Theorem 3. 1) and (1.2) , all but one of the terms on the right-hand sides of the four formulae in Theorem 3.1 can be expressed in terms of Witt 
It turns out that its dimension depends on the characteristic of the ground field.
Proposition 4.1. Let L be the free Lie algebra of rank r over a field
Proof. This is an immediate consequence of a result by Kuz'min [3] on the free center-by-metabelian Lie ring. Let L denote the free Lie ring on free generators x 1 , x 2 , . . . , x r , r ≥ 2, and write L n for its degree n homogeneous component. The free center-by-metabelian Lie ring is the quotient
, where L is the second term of the derives series of L. Then G is a graded ring, and we denote its degree n homogeneous component by
By [3, Theorem 4],
where A is a free abelian group which is freely generated by the canonical images in G of the Lie polynomials 
The result follows.
In In order to find the number of Kuz'min commutators involving x 1 we need to subtract from (4.8) the number of commutators (4.3) satisfying the conditions (4.6) but not (4.7) , that is
